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We prove the existence and uniqueness of a continuous solution F = C# + w 
of the initial-value problem for vehicular traffic according to the nonlinear 
Prigogine-Herman model, where + is a suitable t- and x-independent car 
distribution. 
We then show that the perturbation w is strongly continuous and strongly 
differentiable any number of times with respect to the probability of not 
passing 4. Moreover, the derivatives Pw/aq” (in the strong sense) satisfy linear 
systems. 
We finally investigate the behavior of w(t) as t --t + CC, and, under the 
assumption that the probability of not passing remains unchanged after the 
instant t = 0, we prove that lim 11 w(t)11 = 0 as t + + co. 
1. INTR~DIJCTI~N 
The Prigogine-Herman model of vehicular traffic on highways leads to 
the following integrodifferential equation [ 1, 2, 31. 
f+wE= +F-FO)+(l -P)FIuP(~‘--)F(s,er’,t)~w’ (1) 
91 
where F(x, V, t) dw dx is the number of cars that at time t have a speed 
between w and w + dw and that are in the road interval (x, x + dx). Moreover, 
P is the probability of passing, T is a relaxation time, F, = F,,(x, w, t) is the 
desired speed distribution [2, 31, i.e., the distribution that would be realized 
if there were no interactions between cars. Such a distribution represents the 
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program each driver wishes to follow. We further assume that the speed 
interval [vi , vz] is such that pi 3 0 and va < 00, and that the desired distribu- 
tion has the form [3] 
Fo(x, v, t) = G(v) j”F(x, v’, t) dv’, 
211 
where G(v) is a nonnegative assigned function, such that 
s w2G(v)dv = 1. VI 
In the sequel, we also consider more general forms of Fs . 
In this paper, we prove existence and uniqueness of the solution of the 
nonlinear equation (1) with a suitable initial condition and we study how such 
a solution depends on the parameter Q = 1 - P E [0, I]. 
2. THE INITIAL-VALUE PROBLEM 
Let us assume that G(v) is a continuous function of v E [vi , vs] and let us 
indicate by 4(v) the unique continuous and nonnegative solution of the x and 
t independent traffic problem [2] 
0 = -C(v) + G(v) j” c#(v’) dv’ + Tqo+(v) j ‘* (v’ - v) $(v’) dv’, (3) 
01 Vl 
where p,, = 1 - PO E [0, I] is a fixed value of the probability of not passing. 
We then consider the following problem: let the car distribution function be 
4(v) at any position x E [0, L] of a highway and at any t < to < 0. During the 
time interval [to, 01, the distribution of the cars that are in the road interval 
[0, L] is perturbed (for instance, because of a change of weather conditions). 
As a result of such a perturbation, the car distribution function F(x, ZI, t) at 
t = 0 takes the form F(x, v, 0) = 4(v) + wo(x, v) where zuo(x, v) = 0 if 
x 6 [O,L]. Thus, if we put 
Q, v, t) = 4(v) + w(x, a; t), (4) 
we obtain from (I) 
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where 
q=1-P, j-f = Tjv;f(*, v’) dv’, 
Hf = j” (v’ - u) f (x, d) dv’, 
% 
(6) 
and where we assumed that, after the perturbation, the probability of not 
passing is q, not necessarily equal to q. . 
Equation (5a) must be supplemented by the following initial and boundary 
conditions. 
hil+ w(x, v; t) = w&x, v), 
Km+ w(x, v; t) = 0, 
x E [O,Ll, v 6 [VI , Ql, (5b) 
t 3 0, VE[‘U1,Ql. (5c) 
Relation (5~) indicates that no perturbation may come from the road interval 
x < 0. In fact, by assumption, the weather conditions changed only over the 
road interval [0, L]. 
Let us now introduce the Banach space X of all functions f = f (.z’, v) 
continuous over the rectangle {(x, v): 0 < x <L, vi < v  < va} with norm 
II f II = max{I f(x, v)l , x E [0, L], v E [vu1 , v2]}. 
I f  we put 
Bf = -v(af/ax) - (l/T)f (7) 
where, by definition, the domain of the unbounded operator B is 
D(B) = {f: f E x; v(af/ax) E x; f (0, v) = 0, v E [VI , v,]}, 
we then obtain 
(8) 
dwldt = Bw + Jw + q[(fG) w + Ww + wHw1 + (q - q,,) +H+, t 
lim 11 w(t) - w. I/ = 0, t+o+ 
w. E D(B), w(t) E D(B). 
In system (9), djdt is a strong derivative [4] and w(t) = w(x, v; t) 
-0, 
(9) 
is a 
transformation from [0, + co) into X. System (9) is the abstract version of the 
nonlinear initial-value problem that we are going to study. 
First of all, we observe that B E g(1, -l/T) [4, Chap. 91, i.e., B is the 
generator of a strongly continuous semigroup Z(t) = exp(tB), such that 
11 Z(t)11 ,( exp(-t/T) at any t > 0. More precisely [5], B generates a transla- 
tion semigroup (with a damping factor) 
Z(t)f = exp(-t/T)f(x - vt, v), if x - vt > 0, 
Z(t)f = 0, if x - vt < 0. (10) 
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Second, we note that both J and H are bounded operators, i.e., J E L@(X) 
and HE B(X), [4]. In fact, we have 
Hence, if we assume that 0 < G(v) < y = max{G(v), v E [vi , vJ>, we then 
obtain 
II Ill < SY/T (114 
and, in an analogous way, 
II H II < a2. (lib) 
It follows that 
IIfWll G a2 llf112, (124 
IlfW- gHg II < s2(llfll + llg II) llf-g II . Wb) 
Third, we observe that both Jf and fHf belong to D(B) provided that 
f~ D(B). Hence, any solution of system (9) satisfies the following integral 
equation [8]. 
(13) 
+ It Z(t - 4 {I+) + d(4) 44 + VW4 + 44 fW)lI & 
0 
where the integrals are strong Riemann integrals. Vice versa, if Eq. (I 3) has a 
strongly continuous solution, then such a solution also satisfies system (9). 
In the following section, we study the main properties of the abstract 
nonlinear integral equation (13). 
3. THE INTEGRAL EQUATION (13) 
Let us consider the following method of successive approximations 
w(n+yt) = z(t) w. + (q - qo) lot Z(t - s) [@I+] ds 
+ J-at Z(t - 4 {Jw (“l(s) + q[(H+) w(“)(s) + +Hw’~‘(s) (14) 
+ W(~)(S) Hw’“‘(s)]} ds, 
w(O)(t) = z(t) w. ) n = 0, I,.... 
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We have from (14), 
I!~(n+lV)ll < [II wo II + T I 4 - qo I II W4 Ill 
+ (W2A, + yS/T) jot I/ ill ds + qa2 s,’ II w(‘W12 ds, 
(15) 
where we used (1 la), (1 lb), and the inequality I/ Z(t)/\ < exp( - t/T) and where 
we assumed that & = max{#(v), v E [zlr , v2]}. 
Inequality (15) suggests us to examine the following integral equation 
W = [II wo II + T I P - 40 I II 4W Ill + CW2$o + rWJ lot W ds 
+ qa2 s,’ F&)1” ds, 
(16) 
which is equivalent to the system 
VW = @z*~~o + NJ-) 9(t) + ~@~W(t)l~, 
$69 = II wo II + T I P - ~70 I II 4W II . 
(17) 
We obtain without difficulty that the solution of (17) reads as follows. 
where 
$(t) = b exp(at) (1 + 6(~$3~/a) [I - exp(at)]}-’ (18) 
a = a(q) = 2qs2&J + rap-, b = 4~) = II wo II + T I 4 - tzo I II +f@ II . 
09) 
We note that #(t) is nonnegative and finite provided that 
0 < t < (l/a) log(l + a/bps2) = f(p), (20) 
where f + + co as (b@j2) approaches zero. In any case, if we choose a to 
such that 
0 -c to < inf{Yq), 4 E 10, 111 < U/4)) Wl + 4W2W)h 
#(t) is then continuous, nonnegative and bounded at any t E [0, to], given 
my 4 E 10, 11. 
If we now compare (15) and (16), we then see that 
II ~(nY~)ll G w9 11 = 0, 1, 2 ,...) t E [O, to]. (21) 
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In fact, #(t) 3 II w. It > II wco)(t)ll , since #(t) 2 0 at any t E [0, t,]. It then 
follows that 
4(t) 3 b + a /“t II ~‘~)(s)ll ds + qa2 j”: II w(0)(s)/12 ds 2 11 w’l’(t)li; 
that is, 
44) 2 II w(‘)(t)li , t E 10, 431, 
and so on. Relation (21) is thus proved. 
We conclude that the sequence {w(“)(t)} is bounded in norm and that we 
have 
II WV)ll G $w) < Y&(t) G t4(43) = M> t E [O, 431, n = 0, 1, 2 ,..., (22) 
where h(t) = M(t)ln=l - 
By using (1 la, b), (12a, b), and (22), we obtain from (14) 
11 w(n+l)(t) - w’n)(t)ll < 01 I’ 11 w’“)(s) - w(~-~)(s)~I ds, n = 1, 2,..., 
where cy = (y6/T) + 2a2(&, + M). Hence, 
/I wQ)(t) - w’l’(t)ll < 2Mat, 
11 w@)(t) - w@)(t)ll < 2M(c#/2, 
and also 
/I w(n+l)(t) - w’yt)ll < 2M(at)“/?z! ) t E [O, t,l. (23) 
It follows from (23) 
I/ w(n+m)(t) - w(n)(t)lj < 2M[(olt)“/n!] exp(olt) < 2M[(at,)“/n!] exp(at,), (24) 
at any t E [0, t,]. Hence, given any t E [0, to], {w’“)(t)} is a Cauchy sequence 
in the Banach space X. Consequently, a transformation u = u(t) from 
[0, t,] into X exists, such that 
lim /I wtn)(t) - u(t)11 = 0, 
n-t* t E [O, t,l. (25) 
Moreover, due to (24), the limit (25) h o Id s uniformly with respect to t E [0, t,]. 
We conclude that u(t) is a strongly continuous function of t E [0, t,,] and that 
w(t) = u(t) is the unique continuous solution of the nonlinear integral 
equation (13) and of system (9). 
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4. DEPENDENCE OF w ON ~E[O, l] 
If we indicate explicitly the dependence of w(t) on q and on w,, , i.e., if we 
put w = w(t; q, ws), we then have from (9) with q = 0, (“free traffic”), 
6; 0, wo> = exp[@ + />I w. - q. jot exp[(t - 4 (B + J>l WW 6 
t >, 0, (26) 
where exp[t(B + J)] is the semigroup generated by 
(B + I)E v, (78 - 1)/T). 
Since the explicit form of exp[t(B + J)] may be built starting from exp(tB) 
[4], formula (26) is an explicit representation of the transformation 
w = w(t; 0, wo). 
Let us now consider q E [0, l] and q’ = q + h E [0, 1] and put 
w(t) = w(t; 4, q), w’(t) = w(t; q + h, wo). 
Since it follows from (22) that 
II w(c 4, wo)ll G M7 t~[O,tolr t/4E[O, 11, (27) 
we obtain from (13) 
II w’(t) -- w(t)ll < I h I /I Iot z(t - 4 MW ds 11 + a jot II w’(s) - w(s)11 ds 
+ qh2 j’ [II w’(s)11 + II w(s)ll] II w’(s) - w(s)11 ds 
0 
+ I h I 8’ j” Pdo II w’(s)11 + II w’(s)I12] ds, 
0 
and also 
< I h I TII 44 II + 01 j” II w(s) - w’(s)11 ds + I h I S2M(25bo + M) t. (28) 
0 
By a method similar to that of Section 3, we get from (28) 
II w’(t) - w(t)11 < I h I (T/l (6H+ II exp(d + (MS+) (2~5~ + M) bp(4 - II>, 
and also 
II w(t; 4 + h, wo) - w(t; 9; wo)lI < I h I MI , t E LO, to1 (29) 
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where 
J4 = T II WV II exp(at,) + (MW4 C% + W lNWo) - 11. 
Inequality (29) shows that w(t; p, wa) is a strongly continuous function of 
4 E [0, 11. Moreover, such a continuity is uniform with respect to t E [0, to]. 
It also follows from (29) that, if p is close to zero, w(t; 4, w,,) is close (in norm) 
to w(t; 0, wa) given by (26). 
5. STRONG DIFFERENTIABILITY OF w WITH RESPECT TO q 
Let p E [0, I] and let ui = u,(t; q) be the solution of the linear integral 
equation 
u,(t; q) = jot Z(t - s) {_Tu&; 4) + q[@; 4) ml + w(s; dl 
+ [$ + 4s; q)] fh(s; a)] + L-4 + 4s; q)] H[$ + w(s; q)]} ds, 
(30) 
where t E [0, t,] and where we write w(t; q) instead of w(t; q, w,,) for simplicity. 
We have 
II u,(C q>ll < I! VG II + J’W293, + M) t + a Iot II u&; q>ll 4 
at any t E [0, t,,]. Hence, (see (28) of Sect. 4), 
II %(C q)ll G n/r, > t E [O, 4l1, vc? E I$, 11. 
Moreover, if we put 
qq = [(w’(t) - w(~))l~l - %(C 41, q+~~[o,ll, h#O 
where 
w’(t) = w(t; 4 + A), w(t) = w(c 41, 
we obtain from (13) and from (30) 
+ (fW4) R(s) + w’(s) fW)l) ds 
+ Jot w - 4 klw) - 441 fws; 4) + w> [WY4 - 441 . 
+ W[w’(s) - w(s)] + [w’(s) ffw’(s) - ~(4 ffw(s)l> 4 t E ro, tol. 
(32) 
(31) 
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As usual, the linear integral equation (32) leads to the following inequality. 
where OCR = PM,(M, + 2M + 24,) and where we exploited (27), (29), and 
(31). Hence, 
II Yt)ll G I h I(44 [expbto> - 11, t E [O, tol. 
It follows from the preceding inequality that lim II R(t)11 = 0 as h ---f 0 and, 
consequently, that w(t; p) is strongly differentiable with respect to 4, with 
ul(t; n) = aw(t; (I)/@. In particular, if we put 
we get from (30) 
wl(t) = Pa dhla=o 9 
Wl(t) = j-” Z(t - s) ]Wl(s) ds + J’” Z(t - s) (W,(s) HW,(s)) ds. (33) 
0 0 
In Eq. (33), W,(s) = 4 + w(s; 0) where w(s; 0) = w(s; 0, wo) is the “free 
traffic” car distribution given by (26). Alternatively, Wl(t) is the solution 
of the following linear system. 
Wdt) WlP) = (B + .I> wl(t) + WON HWo(t), t >o, (34) 
fiF+ II w&N = 0. 
Hence, we also have 
where 
J+‘dt> = St exp[(t - 4 (B + JII P,(s) HWoW) ds, 
0 
(35) 
II expW + J)lll d exp[W - 1) t/T1 
since (B + j) E g(I, (yS - 1)/T). 
The preceding calculations can be easily generalized in order to obtain an 
equation for u,(t; 4) = Pw/aqm (in the strong sense). In fact, we have 
u,(t; q) = St Z(t - s) JuJs; q) + m  y (" ; ') +; 4) ff%+1(s; a) 
0 I j=O 
+ q i. (7) 4s; d Jf~-i(s; d/ ds, 
where uo(s; q) = 4 + w(s; q) = F and where m = 2, 3,... (if m = 1, Eq. (30) 
is valid). 
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In particular, if we put Wm(t) = [P%.u/~~~],=, , we obtain from (36) 
Wm(t) = jot Z(t - s) jiWm(s) + m mfl (m i ‘) Wj(s) HW,-j-l(s) ds, (37) 
i=O i 
where m = 2, 3,..., and where Eq. (33) must be used if m = 1. Equivalently, 
lV,Jt) is the solution of the following linear system 
-$ JK&> = P + J) WA + m :c i” / ‘) wj(t> H~m-4)T t > 0, 
$y+ II WwL(t)ll = 0. (38) 
As it is clear from the first of (38), the properties of the mth derivative of 
w at 4 = 0 are mainly determined by the operator B + J (see Sect. 4). On 
the other hand, we have from (26) 
II Wo@>!/ = II w(t; O)ll < exp (“,--’ t) [II w. II + q. II $ff$ II tl 
<expj~~)[ll~~ll +40/lW~Ilfl =P, tE[O,% 
and also 
II exp[@ + J>lll < exp r? i) = 4 t E [O, tl, 
where t > 0 is a fixed value of t and where we have 1 < yS since 
s 
” G(v) dv = 1 and 0 f  G(v) d Y. 
*1 
We then obtain from (35) 
II w&)11 < ~~2P12t, t E [O, fl, 
where p1 = 4, + p. Starting from (41) we get from (38) 
(l/m!) II W&II G d4j2t)“, m = 0, 1, 2 ,..., tE [0, t]. 
(39) 
(40) 
(41) 
(42) 
Let us now fix an integer m, . Since w = w (t; 4, wo) is strongly differentiable 
m, times with respect to CJ at 4 = 0, we have [9, Theor. 5.6.31, 
11 w(t; q, wo) - w(t; 0, wo) - Fl + w&l 4j 1; = O(qmo), t E LO, fl, (43) 
where 
jly+ o(qrn~)yQ = 0. (44) 
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According to (43) and (44), the solution of the nonlinear system (9) may be 
approximated by means of a finite sum of t-dependent elements of X which 
respectively satisfy the linear system (9) with 4 = 0 or the linear systems (34) 
or (38). 
6. ASYMPTOTIC BEHAVIOR OF w(t;q,,w,) 
Let us assume that the probability of not passing remains q,, even after 
the perturbation (see Sect. 2). System (9) then becomes 
where 
dwjdt = Aw + q,[wHw], t > 0, 
i$ II w(t) - wo II = 0, w. E D(B) = D(A), 
(45) 
Since 
Af = (B + J>f + 40wv9f + dWl9 f E D(A). (46) 
we then infer that A E g(l, 2P$, + (yS - 1)/T) [4]. Hence, it follows from 
(45) PI, 
w(t) = exp(W w. + q. It exp[(t - s> A] {w(s) ffw(s)} ds, (47) 
0 
where exp(tA) is the semigroup generated by the linear operator A. 
As two positive constants b and p exist, such that 
II exp(Wll G b exp(--8th t > 0, (48) 
(see the Appendix), we obtain from (47) 
I/ w(t)11 < b I/ w. II =p(--Pi) + bqoS2 Iot exp[--iB(t - s)l II w(s)li2 ds, 
and also 
(49) 
vV> < b II w. II + Q26 St q-B4 [WI2 4 
0 
where 4(t) = jj w(t)11 exp(@). As usual, 4(t) < p)(t) where v(t) is a positive 
solution of the integral equation 
v(t) = b II w. II + q0S2b 1” exp(-.b) [~(s)]~ ds, 
0 
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or, equivalently, of the following system. 
v’(t) = qos2b exp( -Bt> 93th t>O 
do) = b II wo II ’ 
We get from (51) 
(51) 
&) = lb ,,‘w, 11 - T [I - exp(+t)]1-l 
where y(t) is nonnegative and finite at any t 3 0, provided that 
We conclude that the following inequality is valid. 
II 4t)lI = IlF - 4 II < I& - 71-l exp(-/It), t 3 0, (53) 
under the assumption (52). Hence, 
lim II w(t)ll = ji,m, II F - 4 II = 0, t++m 
provided that 11 w. 11 is small enough. Thus, if the initial perturbed distribution 
function F(x, V, 0) is not too different from $(v) (see Sect. 2), the car distribu- 
tion function F decays towards the x and t independent distribution c$(v). 
We want to stress that the preceding method does not present particular 
advantages with respect to the one based on the semigroup Z(t) generated 
by B (see Sect. 2), if we have to take into account a t-independent term such 
as (q - qo) $H4 (see (5a)). In this case, in fact, both methods lead to the 
existence of a solution w = w(t) only for t E [0, to]. 
7. CONCLUDING REMARKS 
The main results of the preceding sections can be summarized as follows. 
THEOREM. Given w. E X and q E [0, 11, the nonlinear initial-value problem 
(9) admits one and only one solution w = w(t; q, wo) continuous in norm with 
respect to t E [0, t,], where to is a suitable value of t. Moreover, w has strong 
derivatives with respect to q E [0, I] of any order and it can be approximated by a 
jinite sum of elements of X, which depend on t and which satisfy suitable linear 
equations. FinalZy, if 11 w. II is su@iientZy small, lim I] w(t)11 = 0 as t + 00. 
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We also observe that most of what we have proved remains valid if: 
(a) the probability of not passing is not a constant but a continuous 
transformation from [0, L] X [vi , Us] X X into [0, 11; i.e., if 4 = 4(X, 0; f) 
with f E X; 
(b) the “relaxation difference” 
appearing on the right-hand side of (1) is substituted by a transformation 
d = d(x, v; f) from [0, L] x [vr , vs] x X into X, such that 
(i) jv: 4, v; f (x, 4) dv = 0, 
(ii) d(x, v; 0) = 0, 
(iii) 11 d(x, 0; f) - A( x, v; dll < 4, Ilf - g II , f E X, g E X7 where 6, 
is a given positive constant. 
APPENDIX 
As we already observed in Section 6, the linear operator A given by (46) 
is of class 9(1, 2S2$, + (yS - 1)/T), since BE 9(1, -l/T). Hence, a 
complex number z belongs to the resolvent set p(A), provided that 
Re z > (yS - 1)/T + 2a2&-, . 
In order to study the structure of p(A) in a more detailed way, let us intro- 
duce a linear operator A, as follows. 
4f = -v@f/W - a4f, t-411 
where, just as in [A, 
X(v) = 1 /T - qJ&b >, 2(v,) = Z. . 
By using (Al), the operator A can be put into the form 
Af = 4f + Jf + d(v) Hf 
where A,, E ‘3(1, -Z’s) [7]. 
Let us now consider the following equation. 
(d- A)f =g 
WI 
(A3) 
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where g is an assigned element of X and the unknown f  must be looked for in 
obtain D(A). I f  we assume that Re z + L’,, > 0 (hence, z E p(A,)), we 
from (A3) 
and also 
w - A,) f  = g + If + 405w w 
f = g1 + we, 4 Jlft- 404 w> 4 J2.L 
where [7], 
g, = qs, A,)g = (xl - A,)-lg 
1 x 
=-s [ v  0 
exp - z +&y (x -Y,] .dY, 4 dy, 
w = (G@v) - 40”#% k&9 = !lo~(vh 
Jlf = j-“f(x, v’) dv’, 
211 
Jzf = 1” v’f(x, v’) dv’. 
vu1 
Moreover, if we put 
44 = Iif, i = 1,2, 
we get from (A4) 
44 = JigI + fl 1; xi& -Y; 4 4~) dy, i= 1,2, 
where 
Xi,& - y; z) = s 111 v~-~K~(v) exp [ - ’ +vz(v) (x - y)] dv. 
c44) 
(A51 
W) 
(A71 
W3) 
b49) 
(AlO) 
Hence, if Eq. (A4) has a solution f~ X, then the Volterra system (A9) has a 
solution (vr , ~a) such that vi(x) is continuous over [O,L]. Vice versa, if 
system (A9) has a continuous solution and if we put 
e = qx, v) = g1 + w4 4% A,) 9% + h(v) q, A,) v)2 > 
then J,(e) = vi and 6 is a solution of (A4). In other words, Eq. (A4) and system 
(A9) are equivalent.. On the other hand, as it is known from the theory of 
integral equations, the Volterra system (A9) has one and only one solution 
such that vi(x) is continuous over [0, L]. Since the same result is then valid 
for Eq. (A4) (and for (A3)), we conclude that z ep(A) provided that 
Rex>--Zo. 
We now choose an E > 0, such that .Zo - E > 0. Then, just as in [7], a 
positive constant co and an integer n, can be found, such that 
II wW)Il G co ev[-(~o - 4 tl, t > no. (All) 
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On the other hand, 11 exp(tJjl is a continuous function of t and, as a conse- 
quence, ]I exp(tA)Il is bounded as t E [0, n,]. We conclude that a suitable 
constant b exists, such that 
II expW)II < b exp(-PO, t>O VW 
where ,!I = &, - E. 
We finally observe that relation (3) of Section 2 may be written as follows. 
Since d(v) > 0 and C+(V) f 0, it follows from (A13) that 
at any v E [or , ~1, provided G(v) > 0. Under this assumption, we have that 
Z(v) > 0 at any z1 E [z+ , ZLJ and, as a consequence, Z,, = Z(V~) > 0. Hence, 
an E > 0 can certainly be found, such that ,B = L’,, - E > 0. 
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